arXiv:math-ph/0512068vl 21 Dec 2005 


Spin, Statistics, and Reflections 
II. Lorentz Invariance* 

Bernd Kuckertt 
Reinhard Lorenzen 
II. Institut fiir Theoretische Physik 
Lumper Chaussee 149, 22761 Hamburg, Germany 

February 7, 2008 


Abstract 

The analysis of the relation between modular PiCT-symmetry — a 
consequence of the Unruh effect — and Pauli’s spin-statistics relation 
is continued. The result in the predecessor to this article is extended 
to the Lorentz symmetric situation. A model Gi of the universal 

covering L+ = SL( 2,C) of the restricted Lorentz group L\_ is mod¬ 
elled as a reflection group at the classical level. Based on this picture, 
a representation of Gl is constructed from pairs of modular PiCT- 
conjugations, and this representation can easily be verified to satisfy 
the spin-statistics relation. 


1 Introduction 

The spin-statistics connection and the search for its conceptual roots has 
been a prominent object of investigation in quantum held theory over decades 
we refer to Refs. GUO and El for detailed discussions of the literature in 
this held. Spectacular success has been made in deriving the spin-statistics 
connection from standard properties of quantum helds, but there has always 
remained some dissatisfaction because these results did not really dig up the 
physical roots of the principle. Recently, an angular-momentum additivity 
condition has been established as sufficient and necessary for Pauli’s spin- 
statistics connection in quantum mechanics El El, but this result does not 
include quantum helds, which will be of interest here. 
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In particular, the analysis was confined to finite-component fields, which 
entails a strong assumption on the representation of the Lorentz group one 
wishes to investigate. There are, however, infinite-component quantum fields 
that are covariant under representations violating Pauli’s spin-statistics con¬ 
nection m- What is more, the confinement to finite-component fields is of 
a purely technical nature; there is no evident physical motivation except the 
fact that it is met in practically all applications. So despite the merits of 
the old results, one agreed that some work remained to be done. 

In the 1990s, it was realized by several authors u ina ei hd that the 
spin-statistics connection could be derived from the Unruh effect EDI ED 
J2j . This phenomenon, which states that a uniformly accelerated observer 
experiences the vacuum of a quantum field as a thermal state, has recently 
been derived from basic stability properties of vacuum states na- 

The Unruh effect, in turn, implies an intrinsic form of PiCT-symmetry, 
i.e., covariance under conjugations in charge, time, and one spatial direction 
m- These conjugations can be extracted from the algebra of field operators 
by an elementary intrinsic fashion invented by Tomita and Takesaki mm- 
This symmetry is referred to as modular PiCT-symmetry. 

In 1994/95, two spin-statistics theorems were obtained by Guido and 
Longo on the one hand m and by one of us on the other m Guido and 
Longo derived the spin-statistics theorem from the Unruh effect, and their 
result applies to a large class of quantum field theories, including fields with 
an infinite number of components and massless fields. On the other hand, 
the result found in Ref Q21 merely assumes modular PiCT-symmetry in the 
vacuum sector of a Haag-Kastler theory of observables, and it deduced the 
spin-statistics connection for massive single-particle states, which give rise 
to topological charges. The elements of the representation of the (homo¬ 
geneous) symmetry group are products of two modular conjugations each, 
which yields an elementary algebraic argument. But massless fields are not 
included, and the setting prevents the observables to be covariant under 
more than one representation of the Poincare group. So one result covers 
a larger class of fields by making stronger symmetry assumptions, whereas 
the other one minimizes the symmetry assumptions by considering a smaller 
class of fields. 

The result presented in this article joins the advantages of these two ap¬ 
proaches: Only modular PiCT-synnnetry is assumed, and the result covers 
fields satisfying an absolute minimum of standard assumptions. Not even 
covariance under a representation of the Lorentz group needs to be assumed 
from the outset; this representation will be constructed from the modular 
PiCT-operators. 
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As an important prerequisite, a model of the universal covering group of 
the restricted Lorentz group will be constructed first. The model is a kind 
of a reflection group. 

In Ref. El a model Gr of the universal covering group 50(3) = SU( 2) 
has been constructed from pairs of reflections at planes in R 3 . Consider¬ 
ing a general quantum field theory, it was assumed that modular PiCT- 
conjugations existed for all reflections along spacelike vectors in a fixed 
time-zero plane. This symmetry assumption has been shown to be suffi¬ 
cient to construct a covariant representation of Gr, and it is elementary to 

see that this representation exhibits the spin-statistics relation. 

t 

For the restricted Lorentz group L\, such a representation has been 
constructed earlier by Buchholz, Dreyer, Florig, and Summers j3 JEj- In 
a more recent article, Buchholz and Summers have given a much more 
straightforward proof jjj]. The short cut found there was the decisive indi¬ 
cation that a similar result could also be obtained for the universal covering 
L^_ = SL( 2,C), the goal being the generalization of the first derivation of 
the spin-statistics theorem already obtained in Ref. m- Some of their ar¬ 
guments will play an important role at the end of this paper, where such a 
generalization is established. 

This article will be subdivided as follows. In Section o some prelim¬ 
inaries will be discussed, in Section II .21 the construction of the covering 
group G l will be outlined in terms of definitions and statements, which will 
be proved in Section|2l The construction of Gl will be applied when proving 
a most general spin-statistics theorem for relativistic quantum fields, which 
is done in Sectional In Section^ it is shown that modular PiCT-symmetry 
implies full PCT-symmetry as well and how the present result is related to 
the results of Guido and Longo obtained in Ref. 1101 The article ends with 
a conclusion. 

1.1 Preliminaries 

Let R 1+3 be the Minkowski spacetime with three spatial dimensions, denote 
by g(-, •) its Lorentz metric (x,y) *—> g{x,y ) =: xy, by V + the open forward 
light cone, 1 by the hyperboloid {x £ V + : x 2 = 1}, and by H\ the 
spacelike unit hyperboloid {i£ R 1+3 : x 2 = — 1}. 

The Lorentz group L has four connected components. The connected 
component L+ =: L\ containing the unit element 1 is a subgroup of L called 

lr The set {x £ R 1+s : x 2 > 0} has two connected components. The open forward 
lightcone V+ is the future-directed one with respect to the time orientation of R 1+3 . 
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the restricted Lorentz group. All p E L\ satisfy detp = 1 and pV+ = V+. 
The fixed-point set FP(p) of any p E L\ is a linear subspace of M 1 " 1 " 3 with 
zero, one, two, or four dimensions. 

We call /i£fj a generalized boost if FP{p) contains a two-dimensional 
spacelike subspace, and we call p a generalized rotation if FP(p) contains a 
two-dimensional timelike subspace. The usual notions of boost and rotation 
require the choice of a time vector eo E and its time-zero plane e J". A 
generalized boost p is a boost with respect to eo if FP(p) C ej", and it is 
a rotation if FP(p) 1 - C e[J“. For each generalized rotation or boost p there 
is more than one eo E M+ with respect to which p is a rotation or boost, 
respectively. 

Note that the unit element is both a generalized boost and a generalized 
rotation and that the fixed-point sets of all other generalized rotations and 
boosts are two-dimensional. 

Crucial for the analysis to follow is the fact that each element of L\ is 
a concatenation of two orthogonal reflections at two-dimensional spacelike 
planes. 2 Like in Ref. 1141 where the corresponding analysis was carried out 
for the simpler case of rotational symmetry, a simply connected covering of 
L\ will now be constructed by endowing these planes with an orientation. 

There are several equivalent and useful descriptions of the set O of ori¬ 
ented spacelike planes. 

1. Rindler wedges. The spacelike complement S' = {x E M : xs < 
Ofor all s E S} of a spacelike plane S has two connected components, 
each of which specifies an orientation on S. These components are 
wedges and have been named after W. Rindler, who endowed them 
with a spacetime structure on their own. The geodesic observers in 
this spacetime structure are those observers in M 1 " 1-3 that are uniformly 
accelerated perpendicular to S. The boundary of a Rindler wedge is 
a horizon for the Rindler observer. This physical role will be relevant 
in the discussion of the spin-statistics relation below. 

2. Classes of zweibeine. Define a set of zweibeine Z by 

Z ■= {£ = (t£,Xf) : t\ = l,x| = -1, Xj: _L tf}. 

The set := is a two-dimensional spacelike plane, and the 

wedge W £ := {x E M 1+3 : xx^ > |xfg|} is one of its Rindler wedges. 
Define an equivalence relation on Z by the condition Wg = W r) . 

2 see Lemma ITTT1 b elow . 
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Let Z be the quotient space Z/~, and let f r be the canonical projection 
from Z onto Z. For each a = 7r(£), denote by 144 the wedge and 
by a 1 - its edge £ _L . 

Given a G Z, the hyperbola T(a) := : £ 6 7r -1 (a)} is a geodesic of 

the Rindler spacetime structure on W a . 

An action of the full Lorentz group L on Z from the left is defined 
by /r£ = n'x^). Since £~r/ implies this action induces an 

action on Z by /rvr(£) := 7r(/z£). Evidently, W^ a = pW a . 

The subset Z + := {£ e Z : £ 44} of Z has the property that 

7 f(Z + ) = 7r(Z). If one restricts the equivalence relation ~ to Z + , 
one obtains an equivalence relation as well, and the corresponding 
quotient space is isomorphic with Z. The restricted Lorentz group L\ 
acts transitively on Z + (see Lemma UTil belowL but not on Z (since 
the elements of L\ preserve time orientation). 

3. Spectral decompositions of boosts. Given a G Z, the generalized boosts 
with fixed-point set a 1 give rise to a one-parameter group (/r“) x with 
the property that (/i“x — x ) 2 > 0 for all x > 0 and x £ 144- This 
group is unique up to multiplication of x by a positive scalar. 

Conversely, given a one-parameter group (^ x ) xS r of generalized boosts, 
the fi x with x / 0 have a common fixed-point plane S. Furthermore, 
one verifies that there are an a > 0 and a future-directed lightlike vec¬ 
tor £ + with pL x £ + = e ax 4 + for all x £ and a past-directed lightlike 
vector t~ with [i x t~ = e~ ax £~ for all x £ ®L The convex hull of i + , 
£~, and S is the closure of a Rindler wedge. 

Pairs of lightlike vectors have been used earlier by Buchholz, Dreyer, 
Florig, and Summers for the description of Rindler wedges 3. 

The subsequent analysis will be formulated in terms of Z rather than the 
naturally isomorphic set O, but occasionally, the other descriptions show up 
in the proofs as well. 

1.2 The construction of Gdefinitions and statements 

For each £ e Z, let both and j 4(£) denote the orthogonal reflection by the 
plane £ J ~ = a 1 -, i.e., the map 

k x = -=x- 2 (xt{) - 2(xx{) xg. 
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Endow the set Z x Z =: Mx with the structure of the pair groupoid of 
Z. and define an operation of L on Mi by //(a, b) := (fia,fj,b). With each 
(a, b) E Mi, one can associate the Lorentz transformation A (a,b) := j a jb £ 
L\ . Define a relation ~ onMi by writing m ~ n if and only if there exists 
a /i E with n = ±/t 2 m and 9 X(m)^~ l = A(rn). Note that /t ~ zz implies 
A(/r) = A(V). 3 

Proposition 1. The relation ~ is an equivalence relation. 

The proof will be given in section 12.21 

Let Gi be the quotient space Mi/~, and denote by vr : Mi —» the 

canonical projection of the relation ~. Define ±1 := 7r(a, ±a) for arbitrary 
a E Z, and — 7r(o, b) := n(a,—b) for (a, b) E 

Proposition 2. For each g E &l, °ne has g ^ —g and A~ 1 (A (g)) = 
{ 9 ,- 9 } ■ 

The proof of this theorem will be given in Section 12.81 
As remarked, ^ ~ v implies = \{y), so a map A : —» L\ can be 

defined by A (g) := A(7r —1 (^)), and the diagram 

(1) 

A 

4 

commutes. All maps in this diagram are continuous. This holds for 7r by 
definition, and it is evident for A. To show continuity of A, let M C L\ be 
open. A _1 (M) is open if and only if 7 t _1 (A _1 (M)) is open. This set coincides 
with A -1 (M), which is open by continuity of A. 

Theorem 3. 

(i) X is a covering map and endows G l with the structure of a two-sheeted 
covering space of L\. 

(ii) Gl is simply connected. 

3 The square in the condition n = ±/.t 2 m is important in order to avoid trouble with 
rotations by the angle 7r. It has been forgotten in Ref. m 



6 





(in) 


There is a unique group product © on Gl with the property that the 
diagram 


M l x M l 

7TX7T 



Gl x 

Ax A 
L\ X 


A 

U -— Li 


( 2 ) 


commutes. 


This means that G^ is isomorphic with the universal covering group of 
L\. The proof will be given in section l2~fil 

Lemma 4 (Adjoint action of Gl on itself). Given h G G l and ( c,d ) G 

one has 

h-7r(c, d)h~ l = 7r ^A(/i)c, A(/i)d^ . (3) 


2 The construction of G^: proofs 

The proofs of the statements made in the preceding section requires an 
extended mathematical analysis, which will now be developed step by step. 

2.1 Reflections of spacelike planes by spacelike planes 

It may well be that the following lemma, which is highly plausible at a 
first glance, but somewhat tricky to prove, has been proved earlier by other 
authors. But since such a reference is not known to us, we prove it here. 

Lemma 5. If A and B are two-dimensional spacelike planes o/M 1+3 , then 
there exists a spacelike plane C such that B is the image of A under orthog¬ 
onal reflection by C. 

Proof. If A and B have nontrivial intersection, then there exist linearly 
independent nonzero vectors a G A, b G B, and c G A (1 B. The one¬ 
dimensional timelike space {a, b, c} 1 - is perpendicular to both A and B , so 
A and B are subspaces of a common time-zero plane, and the problem boils 
down to the well-known three-dimensional euclidean case. 

It remains to consider the case that A and B have trivial intersection. 
A 1 - and B 1 - are timelike planes and, hence, are spanned by future-directed 
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lightlike vectors x,y £ A^ and v,w £ B 2 -. Since A and B have trivial 
intersection, x, y , v, and w are linearly independent. 

Let C be the plane spanned by the vectors x — av and y — /3w, where 


a := 


xy xw 


> 0 


and 


/?: = 


xy yv 


vw xw 


> 0 . 


vw yv 

Then C 1 - is spanned by x + av and y + /3w, since 

(x — av)(x + av) = x 2 — a 2 v 2 = 0 = (y — /3w)(y + f3w) 


and since 


(x — av) (y + (3w) = xy — a(5 vw — a yv + (3 xw 
= xy- J 

xv I xy . ~ “ Ixy “ “ 

= xy - vw — * — ( xw){yv) + W — ( yv){xw) 

vw V vw V vw 

= 0 = ■ ■ ■ = (x + av)(y — @w). 


xy xw xy yv Ixy xw xy yv 

- vw — a - yv + \ - xw 

viv yv vw xw y vw yv V vw xw 


C L is timelike because 


(x + av) 2 = x 2 + 2axv + a 2 v 2 = 2a xv > 0 

by x and v beeing future directed and by a > 0, so C is spacelike. Denote 
by jc the orthogonal reflection at C. One then finds 


\ 


jcx = A jc I (x + av) + (x — av) 


eC x 

and jcy = —(3w £ B. 


= 4 (—(x + av) + (x — av)) = —av £ B 


GC / 


□ 


2.2 Proof of Proposition IT) 

Proposition states that the relation ~ is an equivalence relation. In con¬ 
trast to the corresponding statement for the analysis of the rotation group 
and its universal covering, this is not self-evident. It will be proved in this 
section, together with some properties of the equivalence relation ~. 

Lemma 6. Let y and v be restricted Lorentz transformations. 
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(i) Suppose that /i / 1. There exist at least one and at most two elements 
u with p = v 2 . If, in particular, p 2 = 1, there are two such square 
roots u + and u_, and u + u_ = 1 . 

(ii) The commutant of p is an abelian group if and only if p 2 7 ^ 1. 

(in) Given p, u E L\, suppose that p 2 / 1 / u 2 and p 2 u 2 = u 2 p 2 . Then 
pu = up. 

Proof. The matrix group SL( 2,C) is well known to be isomorphic with the 
universal covering group of L\. Let A be any covering map from SL( 2,C) 
onto L\. Then A - 1 (A(A)) = A A for any A E SL( 2,C). 

The conjugacy classes of SL( 2,C) are classified by the Jordan matrices 
in SL( 2,C), which are 

N ‘ '■= (o i/,)- zeC W - ! =(J 1) := ("ci 1 -l)' 


so for each A E SX(2,C) there is a z 6 C U Too and a P £ <SL(2, C) with 
A = PN z P~ l . 

Proof of (i). Since p ^ 1 by assumption and since [AT 2 ] = [—N z ], there 
exists an element A = PALP -1 E A - 1 (/x) with ±1 7 ^ z 7 ^ — 00 . 

If z / 00 , the elements of A - 1 (/x) are ±A, and B± E SL(2,<C) satisfy 
= ±A if and only if AB± = ±PAf u , ± P -1 for complex square roots w± 
of Az. One obtains two square roots u± := A (B±) = A(—P±) of p. 

1 1/2 
0 1 


If 2 = 00 , then B := ±P 


P 1 are the two square roots of 


A. Since the elements in [AT^] have no square roots in SL( 2, C), the only 
square root of p is u := A (B) = A(— B). 

If p 2 = 1, then z 2 = Ai, so p has two roots u + and u_. In order to prove 
v + v- = 1 , let w + be a square root of i, then iu- := TtLjT is a square root of 
—i. One obtains 


u+u_ = A(PN W+ P~ 1 )A(PN W _P~ 1 ) = A(PN W+ P~ 1 PN W ^P~ 1 ) = 1. 


Proof of (ii). pu = up if and only if AB = ABA for all A E A - 1 (ju) and 
B E A -1 za 

Given A = PALP -1 E SL( 2,C) with z 7 ^ ±1, the commutant of A is 
the abelian group {PALP -1 : z E C}. 

The anticommutant of A is trivial if z 7 ^ ±z; otherwise it consists of 

° V ) P -1 
-l/v 0 ) 

anticommute with the elements of the commutant of PALyP -1 . 


the matrices P 


These matrices neither commute nor 
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But if n 2 / 1, then there exists an A = PN z P~ l £ A _ 1 (/z 2 ) with 
±1 ^ z / ±i}, so the commutant A c of A is an abelian subgroup of SL(2, C), 
and the anticommutant of A is trivial. Accordingly, the commutant /A of /z 
is the abelian group A(A C ). 

If /z 2 = 1 , all z £ C with A = PN z P~ l and A(A) = ^z equal ±1 or Pi. If 
z = ±1, then /z = 1, and the commutant is L\ and, hence, nonabelian, and 
if z = Pi, the above remarks apply. 

Proof of (Hi). Since /z 2 7 ^ 1 7 ^ zz 2 , it follows from the preceding statement 
that the commutants /z c and v c are the maximal-abelian groups { PN Z P _1 : 

z £ C}, {PiVzP -1 : 2 : € C}, or |p ^ J ^ ^ P ” 1 : t £ c|. for some 

P £ <SX(2,C). Consequently, the assumption zz 2 £ (^z 2 ) c implies zz £ (/z 2 ) c , 
i.e., g? £ (zz 2 ) c . This yields the statement by the same argument. □ 


Lemma 7. Consider ( a,b ) £ and shorthand X(a,b) =: A. 

There exists an element c £ Z with a = ±j c b. Shorthanding A(c, b) =: /z, 
one has jj? = A and ( a,b) = (^fj,b,b). 


Proof. Existence of c follows from Lemma 0 The other statements follow 
from 


jcjbjcjb — jjcbjb — jajb 

and 

a = ±j c 6 = pjcjbb = Phb- 


□ 


Proposition in ~ is an equivalence relation. 


Proof. Symmetry and reflexivity are evident, so it remains to prove tran¬ 
sitivity. If m ~ n and n ~ r, then A(rzz) = A(n) = A(r) =: A, and there 
exist elements /z and zz commuting with A and satisfying /z 2 m = Pn and 
zz 2 n = Pr. If /z 2 = 1 or zz 2 = 1 , one trivially has m ~ r. If zz 2 /z 2 = 1, one 
even has m = Pr. It follows from zz 2 ^z 2 m = Pr that 

ji/ 2 fi 2 aJu 2 ^ h jajbh ^ " ZZ / / A fJ. ZZ , 

and one concludes from Lemma [HI h that there exists a square root n of zz 2 ^ 2 
commuting with A. □ 


2.3 Proof of Proposition [2] 

Lemma 8. (a, 6 ) 9 ^ (a, — 6 ) for (a, b ) £ Mj,, i.e., g / —5 for all g £ G^. 
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Proof. The statement is evident for b = Pa. so it remains to consider the 
case A (a, b ) 1. 

Assume (a, b) ~ (a,—6). By Lemma 0 there exists an element [i G L\ 
with pr = A (a, 6) and (a, 6) = (Ppb,b), and by assumption, there exists 
an element ^ £ Li with up 2 v~ l = /a 2 and u 2 (a,b) = ±(a, — b). /a 2 and v 2 
commute and differ from 1, so p and v commute by Lemma EJiii. Assume 
without loss that a = fib, then one obtains 

(a, b) = ( fib, b) = Pu 2 (pb, —b) = P(pu 2 b, —v 2 b ) = P(—pb, b) = ±(—a, b), 

leading to the contradiction a = —a or b = —b, respectively. □ 

Lemma 9. Suppose that X(a,b) = A (c,d). Then 

(i) A (a, c ) = A (b, d). 

(ii) X(a,b) and X(a,c) commute. 

(Hi) ( a,b ) ~ (c,d) or ( a,b ) ~ ( c,—d ). 

Proof of (i). j a j c = ja{jcjd)jd = ja(jajb)jd = jbjd- 

Proof of (H). jajb jcja jbja = ( jajb)jc(jajb)ja = jcjdjcjcjdja = jcja- 

Proof of (Hi). Since by definition (a, b) ~ (—a,—6), it suffices to prove 

(a, b ) ~ (Pc, Pd) for an arbitrary choice of signs. If A (a, b) = 1 or A(c, a) = 1 

the statement is trivial. So assume A (a,b) / 1 ^ A(c,a). 

By Lemma [71 there exist square roots v ab and u cd of A (a,b) and square 
roots i'ca and v db of A(c, a) with 

a = Pfabb , c = Pu cd d and c = Pu ca a, d = Pv db b 
for some choice of signs. 

It suffices to prove v c dVdb = v db v cd and v ab b = Pv cd b, since these relations 
yield the statement by 

(c,d) = (Pv cd i' db b,Pi' db b) = v db (Pi> cd b, Pb) = v db (Pv ab b,Pb) = v db (Pa,Pb). 

If A (a,b) 2 / 1, one obtains I'cdi'db = z-'dfei'ed from statement (ii) and Lemma 
El(iii). The remaining condition v ab b = Pv cd b then follows from 

jv a bb = jc(jcja ) = jc(jdjb) = jc{b' c d{jdjb) l ' c d ) = j c(j cj i/ cd b)) = jv cd b- 

If A(a, b) 2 = 1, one obtains a = PX(a,b)b from 1 = jjbjajb = 3a3-j b a- 
Lemma El (i) implies v~ b u cd = X(a,b ) or v~ b v cd = 1, proving u ab b = Pu cd b. 
The proof is completed by 

VcdX(d, b )b' cd = jcji/ cd b = jcji/ ab b = jcja = X(d, b) 

and an application of Lemma El (iv) yielding v cd v db = v db i'cd ■ □ 
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One now immediately obtains 

Proposition For each g E Gl the fiber A~ X (A (g)) contains precisely two 
elements. 

Proof, g —g and A (g) = A (—g) for all g, so each A -1 (A(< 7 )) contains at 
least two elements. 

By construction, one has A (a,b) = A (g) for each (a, b) E 7 r 1 (^r). If 
(c,d) E Ml satisfies A (c,d) = A (g) = A (a,b) as well, Lemma El implies 
that (a, b) ~ (c, d) or (a, b) ~ (c, — d), so A^ 1 (A(g')) contains at most two 
elements. □ 

2.4 The sets Z and Z 

The next goal is the proof of Theorem EJ This requires some preliminaries. 
Some properties of the sets Z and Z will be worked out in this section, and 
the polar decomposition of restricted Lorentz transformations into rotations 
and boosts will be discussed in the next section. 

For each x E M 1+3 , denote the stabilizer of x in L\ as &(x) := {g E L\ : 
gx = x}, and for each subset M of M 1+3 , define &(M) := f] xeM 6 (x). 

Lemma 10. The actions of L\ on Z + and of L on Z are transitive. 

Proof. Consider any £,77 E Z+. is an orbit of L\, so there exists a 

Lorentz transformation g with t £ = gt^. This g is not unique, since t^ = 
vgtr] for each v E G(t^). 

By construction, one already has gx v T t^, so it remains to be shown that 
6 (t^) acts transitively on H 1 n {tg}" 1 . But 6(ig) is the group of rotations 
with respect to the time vector t £, and H\ n is the set of time-zero 

unit vectors, on which &(t^) acts transitively. 

The second statement now follows from the fact that -1 E I. □ 

Lemma 11. Z is a first-countable topological space. 

Proof. Let H be a Cauchy surface. Then the set Zh '■= {£ E Z + : x^ E H} 
is a closed subset of Z + . 

For each £ E Z + , the intersection of the inextendible curve T(£) with H 
contains precisely one element y^, and there is a unique generalized boost 
Ph(0 with = [5 H {fi) x V 

Define a map Qh '■ Z+ —> Zu by (#(£) '■= Ph(Q£- Then £~r/ implies 
(h(£) = C h(v) by construction, so a map ( : Z —> Zh is well defined by 
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CMO) = C(0- The diagram 


Z+^-Z 

C H 

Zh 

commutes. All maps in this diagram are continuous. This holds for 7 f by 
definition, and it is evident for £#. To show continuity of (R, let M C L\ be 
open. is open if and only if is open. This set coincides 

with (M), which is open by continuity of Ch- 

Since Qh has the continuous inverse 7 f| z H , one finds that Zh and Z are 
homeomorphic topological spaces. Since Zh is first-countable, so is Z. 

□ 



One immediately concludes the following corollary. 

Corollary 12. Z and are Hausdorff spaces. 

2.5 Polar decompositions on L\ 

The next task will be the proof of Theorem 01 which, again, is much more 
involved than its prototype in Ref. II 41 A crucial instrument will be the 
decomposition of Lorentz transformations into rotations and boosts. Specify 
a time direction by distinguishing a future-directed timelike unit vector e-Q. 

Consider the euclidean inner product (■, -) eo on M 1+3 defined by (x, y) eo := 
—g(x, y) + 2 g(x, eo )g{y, eo). Denote the adjoint of a linear map T : M 1+3 —> 
M 1+3 with respect to this inner product by T*. If T is an automorphism, then 
the positive operator $(T) := |Tj := (T*T ) 1 / 2 is a boost, and the orthogonal 
operator p := T ■ |T | -1 = T/3(T )~ 1 is a rotation; $(T) and p(T) yield the 
polar decomposition T = p(T)/3(T ) of T. On G^, define p(g) := p(X(gj) 
and j3{g) := ${X(g)). 

To each time-zero unit vector e, assign the class e := 7f(eo,e). The 
following lemma immediately follows from Lemma 2.1 in Ref. El the proof 
is recalled here for the reader’s convenience. 

Lemma 13. A is onto. 

Proof. We prove that A is onto, then the statement follows. A(a, ±a) = 1 
for all a E Z, so it remains to show that A - 1 (/x) 0 for each p ^ 1. 
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Suppose that p =: p is a rotation, that r is a root of p , and that e is a 
time-zero unit vector in the rotation plane of p. Then p = pjgje = jreje = 
A (re, e). 

Suppose that p =: (3 is a boost, and let e be a time-zero unit vector in 
the fixed-point set of (3. Then (3 = jejeP = Jejp-i/^e = A(e, f3^ 1 ^ 2 e). 

In the remaining case that both p(p) and @(p) differ from 1, the rota¬ 
tion plane of p(p) and the fixed-point plane of @(p) are well-dehned two- 
dimensional planes contained in the time-zero plane. Since the time-zero 
plane is three-dimensional, this implies that the intersection of these planes 
is nonempty. Let e be a unit vector in this intersection and let r be a root 
of p(p). Then p = p(p)j s je(3{p) = jrejp^)- 1/2 e = M r e, /? _ 1 / 2 0)e). □ 

Define R := i?\{l} and B := L>\{1}, and write R := {er G R : a 2 / 1}. 

Lemma 14. p G R and /3 E B commute if and only if FP{p) = FP^fi) 2 -. 

Proof. Assume p/3 = (3p. If x € FP(f3), then f3px = pf3x = px, so pFP(/3) = 
FP((3), whence one concludes that either FP(f3 ) = FP(p) or FP{(3 ) = 
FP(p) 2 -. Since FP((3 ) is a spacelike surface, whereas FP{p) is timelike, one 
concludes FP(/3) = FP(p) 2 -. That the condition is sufficient, is trivial. □ 

Lemma 15. 

(i) Consider p e Li with polar decomposition p = p/3. Then p(3 = f3p if 
and only if there exists a time-zero unit vector e with p G <3(e). 

fii) Given a,b E Z, one has &(a) D ©(6) / {1} if and only if a = ±b. 

Proof of (i). Each rotation or boost is contained in the stabilizer of e for 
some e, so statement (i) trivially holds for rotation or boosts. 

It remains to consider the case that p / 1 / (3. If p(3 = (3p , then it 
follows from Lemma rm that the rotation axis of p is parallel to the boost 
direction of (3. Let e be one of the two unit vectors on this axis, then p, 
/?, and, hence, also pf3 are contained in ©(ILg) = ©(e). So the condition is 
necessary. 

If, conversely, p 6 ©(e), then there exists a unique boost 7 with 'y(peo, pe) 
(eo,e), and 7 G 6 (e) because 7 e = 7 pe = e. Because ©(e) is abelian, 
IT = TT = PP 7 - 

The product pf3 r ) has the fixed points eo and e by definition of 7 , so it is 
a rotation, and f3'y = 1 by uniqueness of the polar decomposition. As seen 
above, 7 commutes with p, so /3 -1 commutes with p/3 , i.e., p = (3~ 1 p(3. 
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Proof of (ii). Without loss, assume a = e. If /r is a rotation, then e is 
on the rotation axis of p, so FP(n) = e ±J ~, and the plane e 1 - is mapped 
onto itself. The only other time-zero unit vector on the axis of p is —e, so 
b = ±e = ±a, as stated. 

If p is a boost, then the vectors £ + \= e + eo and l~ := e — eo are 
eigenvectors of p associated with distinct eigenvalues e and e _1 . The vectors 
are perpendicular to FP{p) by invariance of the metric: if x E FP{p ), 
then 

eg(x,£ + ) = g{x,p£ + ) = g{p~ 1 x,£ + ) = g(x,£ + ), 

so e / 1 implies g(x,£ + ) = 0 , and one obtains FP(p) = e L . 

It remains to consider the case that p 1 (3. By Lemma ITU statement 

(i) implies FP{p) T FP{/3), so £± are fixed points of p and, hence eigenvec¬ 
tors not only of f3, but also of p. Additional eigenvectors in e 1 - exist only if 
p is a rotation by the angle 7 r; their eigenvalue is —1. Since £ / -1 / e -1 , 
the vectors £± are the only eigenvectors of p with positive eigenvalues. 

By assumption, p G ©(b) =: S(7f(/o,/)), so the polar decomposition 
of p with respect to /o commutes. The reasoning just used yields that 
the lightlike vectors f + fo and f — fo are eigenvectors of p with positive 
eigenvalues and, hence, proportional to e+eo and e—eo, respectively, whence 
e = ±/ and, hence, statement (ii) is obtained. □ 

Lemma 16. Given any p G L\, suppose that the polar decomposition p = 
Pe 0 /3e 0 commutes for all eo E M+. Then p = 1. 

Proof. Because by assumption, p eo fd eo = Pe 0 Pe 0 , there is some time-zero unit 
vector e with /i G 6(e), 

The subset 

te ■= {do e M+ : 7r(do) d) = e for some unit vector d _L do} 

of Mj + is a hyperbola, so there exists some /o G M+\t s . 

By assumption, the polar decomposition p = Pf 0 (3f 0 commutes as well, 
so there is some unit vector f F fo with p G ©(tr(/o, /)). By construction, 
7 f(/o,/) / ±e, so ILff(/ 0 ,/) + ±We, whence 6 (fr(/ 0 ,/)) n 6(e) = { 1 } by 
Lemma M □ 

For each (p,/3) G R x B, let E(p,f3) be the set of all time-zero unit 
vectors in FP(p) 1 - n FP{(3). 

Proposition 17. 

(i) E(p, (3) = S 1 if and only if p/3 = (3p. 
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(ii) Otherwise, E{p,(3) = {±e} for some time-zero unit vector e. 

Proof of (i). If/3 = 1, then E(p, (3) = FP(p) 1 n({0} x S' 2 ) , i.e., the intersec¬ 
tion of the time-zero two-sphere with a two-dimensional spacelike subspace 
of the time-zero plane. Such an intersection is homeomorphic to S 1 . If 
p -f— 1 -f— (3, then p/3 = (3p if and only if FP(/3 ) _L FP(p ) by Lemma ITU 
and this holds if and only if FP (p) 2 - n FP (/3) is a two-dimensional spacelike 
plane, i.e., if and only if E(p,/3) is homeomorphic with S 1 . 

Proof of (ii). If p/3 ^ (3p , then FP(p) 1 - C\FP((3) is not two-dimensional 
by hem ma lTT! but since FP(p )-*- and FP{(3) are two-dimensional subspaces 
of the time-zero plane, their intersection is one-dimensional and contains 
two opposite time-zero unit vectors. □ 

2.6 Proof of Theorem [3] 

Let N e ° be the set of all (r, f3) G R x B with E{t,(3) = TL^ (cf. Prop. IT71) . 
Define a map Ai : N e ° —> L\ by X\{a,(3) := a 2 [3 and define := Ai(-/V e °). 
Furthermore, set G e f) := A _ 1 (L^°). 

For each p £ R, there is a unique time-zero unit vector a (p) with the 
property that p is a right-handed rotation with respect to a (p) by a rotation 
angle a(p) smaller than 7 r. The functions a(-) and a(-) are continuous on 
R, and a has a continuous extension to a function from all of R onto the 
closed interval [ 0 , 7 r], we denote this extension by a as well. 

For each (3 G B, there exists a unique time-zero unit vector b(/3) with 
respect to which (3 is a boost by a rapidity %(/3) greater than zero. The 
functions b and x are continuous, and the function x h as a continuous 
extension to all of B with values in R-°, which we denote by x as well. 

The functions a : Gl —> [ 0 , 7 r] and x '■ Gl —► R^° defined by a(g ) := 
a(p(g)) and x(g) := xiflid)) are continuous. 

Lemma 18. 

(i) The polar decomposition p x (3 : L\ —»• R x B is continuous. 

(ii) The restriction of the group product in L\ to R x B is a homeomor- 
phism onto L\. 

(in) N e ° is a two-sheeted covering space of when endowed with the 
covering map \\. 

Proof of (i). The group product in L\, the map p, t—»• p*, and the square-root 
function are continuous, the map p (3{p) := \Jp*p is continuous. Since 
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the map p, i—> p 1 is continuous as well, one concludes that p e-> p(ji) := 
p(3(p)~ 1 is continuous. 

Proof of (ii). The group product is continuous and inverse to the continu¬ 
ous polar decomposition. Since the group product is onto, so is the polar 
decomposition. 

Proof of (in). N e ° is an open subset of R x B, so it suffices to prove 
the corresponding statement for R x B. So it remains to be shown that 
R is a two-sheeted covering space when endowed with the covering map 
rur 2 . Continuity of this map follows from continuity of the group product. 
Conversely, each p e R has the two roots [a(p), a(p/2)\ and [— a(p),7r — 
a(p)/2 ], and since a and a are continuous maps, the square map has a 
continuous local inverse. □ 

Lemma 19. For each g 6 G e ff , there is a unique square root f(g) of p(g) 
with g = Tr(f(g)e,P(g)~ 1/2 e) for both e <E E(f(g),(3(g)). 

Proof. If e 6 FP((3(g)), then A(e, /%r 1/2 e) = (3(g). If e G FP(p(g )) ± , 
there are precisely two a E Z with A(o, e) = p(g). Namely, if t± are the two 
square roots of the rotation p(g), then a± = (r±e, e) do the job. 

Accordingly, if e G E(p(g), (3(g)) = FP(p(g)) C FP(f3(g)) ± , the non¬ 
equivalent pairs m + and m~ defined by 

m ^ := (r±e,e) o (e, (3(g)~ 1/2 e) = (r±e, (3(g)~ 1/2 e) 

satisfy X(m ± ) = A (g). By Corollary 12.31 exactly one of them is contained in 

Define a “polar decomposition” g : G e f) —> N e ° by rj(g) := (f(g), (3(g)). 
Evidently g is a bijection, and the diagram 

G 6 l° (4) 



N eo - L(° 

Ai 1 

commutes. Next define the set 

M e L ° := {(re,(3~ 1/2 e) : (r,/3) G N e ° , e G E(t,/3)}, 
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and define a map A 2 : M^ 0 —» N e ° by A 2 (m) := 17(11 {rn)). Then the diagrams 


M^° —G ^ 0 (A) and M^° —^ G®° 







A 

A2 



jV e °-^ VP AT e o-*- V° 

Ai 1 Ai 1 


(^) 


commute. Define a continuous function e : R x B -> n e^[ by 


e (/h (3) 


a{p) x b(/3) 
a(p) x b(/5)| ’ 


where x denotes the vector product within the time-zero plane . 


Lemma 20. 


(5) 


(i) A eo := A|qeo is an open map. 

(ii) A 2 is continuous. 

(Hi) 7 ] is continuous. 

Proof of (i). L 4 0 is first-countable, so it suffices to show that for each se¬ 
quence ( 1 u n ) n in L\° converging to a limit p and for each m 6 A” 1 (/it), there 
exists a sequence (m n ) n converging to m and satisfying X eo (m n ) = p n . 

So let ( p n ) n be a sequence in L 4 ° converging to p. Then p{p n ) and (3{p n ) 
converge to p{p) and (3{p), respectively, by continuity of the functions p and 
/ 3. Consequently, the time-zero unit vectors e n := e(p(p n ), j3{p n )) tend to 
the limit e = e(p{p), (3{p)). Since 7 f is continuous, the sequence e n converges 
to e. 

Consider, without loss, the element m := (re,/3(^t) _1 / 2 e) of the fiber 
A 1 (yti). There exists a convergent sequence (r n ) n in R with r 2 = p{p n ), 
and the sequence ( m n ) n defined by m n := (r n e n ,/3(/x n ) _1 / 2 e n ) satisfies 
A eo(m n ) = Pn and 1 R n —> m. The same reasoning applies to the other 
elements of the fiber A" 1 (/it). 

Proof of (ii). For each m x G M^°, the hber A^ 1 (A eo (rn x )) contains four 
elements m l ,... ,m 4 , and by the Hausdorff property, these have mutually 
disjoint open neighborhoods Ui,... , 1 / 4 . Since A eo is open by statement (i), 
their images are open, so V := X eQ (Ui) fl ■ ■ ■ C X eo {U 4 ) is open. 

On the other hand, there is an open neighborhood Y of A 2 (rn,) with the 
property that Ai|y is a homeomorphism onto W := Ai(T). Being a covering 
map, Ai is open, so W is open. 
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V n W is open, and A eo is continuous, so the set X := U\ n A^ 1 {V n W) 
is open and contains m 1 . The diagram 

X 
A 2lx 

y —7* v n w 

All Y 

is a commutative diagram of bijections by construction. Since A eo |x and 
Ai|y are homeomorphims, so is A 2 1 jf- 

Proof of (in). Using diagram [3 (B), one immediately concludes the state¬ 
ment from continuity of A 2 . □ 

Lemma 21. M^° is a two-sheeted, covering space of N e ° when endowed with 
the covering map A 2 . 

Proof. Define continuous maps m + : N e ° —> M^ 0 by 

m ± (r,/3) := (±re(r, f3), ±/3e(r, /?)). 

We show that these functions are local inverses of A 2 - 

For a given x 6 N e °, write y± := m, + (x). Since M^° is a Hausdorff 
space, there exist two disjoint open neighborhoods Y± of y±. By continuity 
of m ± , the pre-images X± := rnf^(Y±) are open, and X := X + n is an 
open neighborhood of x. By continuity of A 2 , the sets W± := Xf l (X) n Y± 
are open neighborhoods of m±(x) with A 2 (W+) = X = A 2 (W_). As a 
consequence, the continuous maps rn±\x '■ U —> W± are one-to-one and 
onto, their inverse being A 2 - □ 

Proposition 22. 

(i) r] is a homeomorphism. 

(ii) G e f) is a Hausdorff space. 

(in) G e f is a two-sheeted covering space of L e f when endowed with the 
covering map A eo . 

Proof. The maps it o m_ . and it o m_ coincide and are inverse to r] by con¬ 
struction. By continuity of m ± and 7 r, they are continuous. This proves (i) 
and implies (ii). 

A eo = A 2 o rj is a concatenation of a homeomorphism and a two-sheeted 
covering map. This yields (iii). □ 
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Next we extend these results to Gl ■ To this end, recall that p E L^° if 
and only if p{p)(3{p) + $(n)p(n). 

Proposition 23. 

(i) For each eo E , f/ie set G^° is an open subset of Gl- 
(H) U oG m 1+ G1° = Gl. 

(in) G l is a two-sheeted, covering space of L\\{1} when endowed with the 
covering map A. 

Proof. If a sequence p n —* p in L\ with p(p n )f3(p n ) = (3{p n )p(p n ), then 
p{p)${p) = f3(p)p(p).^ Namely, one has ^{pn)^ 1 ^{prO^prO^pn)^ 1 = 1 for 
all n, so (d(p)^ 1 p(p)(3(p)p^ 1 (p) = 1 follows by continuity of the functions 
/3, p, /3(-) , and /5(-) _1 , and of the group product. 

As a consequence, the set Lf : has a closed complement and, hence, is an 
open subset of L\. Accordingly, G e ff = A _ 1 (L^°) is open by continuity of A. 
This proves (i). 

It follows from Lemma that U eoG M + Ti° = Li\{l}, and this proves 
statement (ii) by continuity of A. 

By statements (i) and (ii), there is, for each g E G l, an open neighbor¬ 
hood restricted to which A is one-to-one and open. This proves (iii). □ 

Proposition 24. 

(i) Gl is a Hausdorff space. 

(ii) A is open. 

Proof of (i). Being a union of Hausdorff spaces, G^ is a Hausdorff space, 
so it remains to prove that for each g there are disjoint neighborhoods U± 
and Ug of 1 and g 1 , respectively, (which implies that there are disjoint 
neighborhoods —U\ and —U g oi—l and —g). 

g ^ 1 implies that (dt(g),x(g)) 7 ^ (0,0). Since a and x are continuous 4 
and since (a(h),x(h)) = ( 0 , 0 ) implies h = 1 , the open sets 

Ui := (a x x) _1 ( [ 0 ,e) x [ 0 ,e) ) 

and U g := (a x x) _1 ( (d(g) - e, a(g) + s) x (x(g) - e, x(g) + e) ) 

are disjoint for sufficiently small e > 0 . 

4 with respect to the relative topologies of the closed topological subspaces [0,7r] and 
R-° of R, 
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Proof of (ii). It has been shown that Gl is a two-sheeted covering space 
when endowed with the covering map A. Since A is continuous on all of G l, 
it remains to be shown that A is open at ±1. L\ is first countable, so it 
suffices to show that for each sequence g n —> 1 in L\ there exists a sequence 
g n —> 1 in Gl with A (g n ) = g n \ note that the sequence (—g n ) n tends to —1 
in this case . 5 For each n there is a g n G A _ 1 (/r n ) with a(g n ) < tt/2. For 
any e > 0, almost all g n satisfy (a(g n ), x(g n )) [0,7r] x [0,e]. Since this 
is a compact set, the sequence (a(g n ), x(g n )) has at least one accumulation 
point. f3(g n ) tends to 1 , so x(g n ) tends to zero, so all accumulation points 
are in [ 0 ,7r] x { 0 }. 

The assumption g n —> 1 further reduces the set of possible points to 
{(0,0), (7T, 0)}, and opting for a(g n ) < 7t/2 rules out (7r,0). So both a(g n ) 
and x(g n ) tend to zero. It follows that g n tends to 1. □ 

We now recall and prove the remaining statements made in Sect. 11.21 

Theorem EKi). Gl is a two-sheeted, covering space of L\ when endowed 
with the covering map A. 

Proof. Gl is a covering of Li\{l} when endowed with the covering map A, 
so all that remains to be shown is that A is a homeomorphism from some 
neighborhood U of 1 or —1 onto A (U). 

Since Gl is a Hausdorff space, there exist disjoint neighborhoods U± of 
±1. Since A is open, the images V± := A (U±) are open. The intersection 
V := V+ Pi V_ is an open neighborhood of 1 G Lj, and by continuity of A, 
the sets W± := U n A _ 1 (IA + n VL) are open and, hence, neighborhoods of 
±1 G G l, respectively. Since W± have been constructed in such a fashion 
that \{W + ) = U = A(W_), the restrictions A± to W± are one-to-one and 
onto, and since A is open, the inverse mappings are continuous. □ 

Theorem m (ii). Gl is simply connected. 

Proof. Z is pathwise connected, so M/, = Z x 2 is pathwise connected, and 
since ir is continuous, G l = vr(M^) is pathwise connected. Since G l is a 
two-sheeted covering group of L\ , and since the fundamental group of L\ 

5 It suffices to consider sequences, since L\ is first-countable (which we have not yet 
been proved for Gl at this stage). Namely, let U g C Gl be a neighborhood of any 
g G Gl, and let (g n )n be a sequence in Li converging to A (g). By assumption there is a 
sequence g n —> G with \(g n ) —> gn- Since g n —i► g and since U g is a neighborhood of g, 
one has g n G U g for almost all n, so g„ = \(gn) G A (U g ) for almost all n. Since this holds 
for all sequences g n —■► A (g) one concludes that A (U g ) is a neighborhood of A (g) in Li by 
fir st- count ability. 
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is isomorphic with Z 2 , one concludes that G^ is homeomorphic with the 
universal covering of L\. □ 


Theorem [3|. (iii). There is a unique group product © on Gl with the prop¬ 
erty that the diagram 


M l x M l 

7TX7T 



G l x 

Ax A 
Li X 


G l -^G l 

A 

Li -— U 


( 6 ) 


commutes. 


Proof. The outer arrows of the diagram commute, so it suffices to prove 
existence and uniqueness of a group product conforming with the lower 
part. But it is well known that each simply connected covering space G of 
a topological group G can be endowed with a unique group product © such 
that G is a covering group. 6 □ 

Lemma HI Given h G Gl and (c, d) £ Mt, one has 

hir(c,d)h~ 1 = 7 r (j\(h)c,\(h)d?J . (7) 

Proof. The function F : Gl —> Gl defined by 

F(h) := tc (A(h)c, A(h)d) hn(c, d)/r _1 

has the property that A (F(h)) = 1 and that, hence, it takes values in the 
discrete set {±1} C G l- Since F is continuous and L\ is connected, F is 
constant, and because F( 1) = 1, it follows that F{h) = 1 for all h. □ 


3 Spin &; Statistics 

The preceding section has provided the basis of a general spin-statistics 
theorem, which is the subject of this section. From an intrinsic form of 
symmetry under a charge conjugation combined with a time inversion and 
the reflection in one spatial direction, which is referred to as modular P\ CT- 
symmetry , a strongly continuous unitary representation W of Gl will be 

6 See, e.g., Props. 5 and 6 in Sect. I.VIII. in Ref. Q 
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constructed. It is, then, elementary to show that W exhibits Pauli’s spin- 
statistics relation. 

Let F be an arbitrary quantum field on M 1+3 in a Hilbert space Ft. 
The standard properties of relativistic quantum field to be used here are 
practically the same as in Ref. El and are recalled here for the reader’s 
convenience. 

(A) Algebra of field operators. Let £ be a linear space of arbitrary dimen¬ 
sion/ and denote by D the space (/“(M 1-1-3 ) of test functions on M 1+3 . 
The field I 7 is a linear function that assigns to each $ £ £ <S> 2) a linear 
operator F(f. h) in a separable Hilbert space Ft. 

(A.l) F is free from redundancies in £, i.e., if c, 0 £ £ and if F(c<g> ip) = 
F(D <g> p) for all p £ £>, then c = 0 . 

(A.2) Each field operator F(<L) and its adjoint F(3>)t are densely de¬ 
fined. There exists a dense subspace D of Ft contained in the 
domains of F(i h) and F(<h)f and satisfying F(&)V C V and 
C V for all d> £ £ <g> D. 

Denote by F the algebra generated by all F(<1>)|x> and all F( < f > )^£ | - 
Defining an involution * on F by A* := A' |x>, the algebra F is endowed 
with the structure of a *-algebra. 

Let F(a) be the algebra generated by all F(c<S>^)|x> and all F(c0py\x> 
with supp(<y?) C W a , where W a denotes, as above, the Rindler wedge 
of a. The algebra F(a) inherits the structure of a ^-algebra from F by 
restriction of *. 

(A.3) F(o) is nonabelian for each a, and a fib implies F(a) fi F( 6 ). 

(B) Cyclic vacuum vector. There exists a vector D £ T> that is cyclic with 
respect to each F(a). 

(C) Normal commutation relations. There exists a unitary and self-adjoint 

operator k on Ft with kfl = D and with kF(a)k = F(a) for all a. 

Define F± := ^(F ± kFk). If c and 0 are arbitrary elements of £ and 

if p, if £ 2 ) have spacelike separated supports, then 

F + (c ® p)F + (d <g> ip) = F + (T> <g> ip)F + (c < 8 > ip), 

F + (c <g> ip)F-(Q ®ip) = F_(D ® ip)F + (c <S> p), and 

F_( c <S> <p)F-(d <g> ip) = — F_(0 ® ip)F_(c <g> p) 

7 Again, £ is the “component space”, and its dimension equals the number of compo¬ 
nents, which may be infinite in what follows. 
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for all t,i)eC. 

The involution k is the statistics operator , and F± are the bosonic and 
fermionic components of F, respectively. Defining k := (1 + ik)/( 1 + i) and 
F t (d <S> f>) '■= kF( 0 ip)iv , the normal commutation relations read 

[T(c<g><£>),F t (D<g>V’)] = 0 . 

This property is referred to as twisted locality. Denote F(a ) 4 := /cF(a)/ch 

These properties imply that D is separating with respect to each algebra 
F(a), i.e., there is no nonzero operator A 6 F(o) with API = 0 . 8 As a 
consequence, an antilinear operator R a : F(o)D —> F(a)fi is defined by 
R a APl := A*n. This operator is closable. Its closed extension S a has a 
unique polar decomposition S a = J a A a 7 into an antiunitary operator J a , 

\J‘2 

which is called the modular conjugation , and a positive operator A a , which 
is called the modular operator. J a is an involution . 9 

For each a £ Z , let j a be the orthogonal reflection at the edge of W a . 

(D) Modular P\ CT-symmetry. For each a E Z, there exists a linear invo¬ 
lution C a in it such that for all c G £ and ip E 2), one has 

J a F(c <g> ip) J a = F t (C a c < 8 > jaip)- 

The map a J a is strongly continuous . 10 

It will now be recalled that pairs of modular PiCT-reflections give rise 
to a strongly continuous representation of G l which exhibits Pauli’s spin- 
statistics connection. 

Lemma 25. Let K be a unitary or antiunitary operator in Li with KQ = tl, 
and suppose there are a,b € Z such that KF(a)K^ = F (b). Then KJ a K t = 
Jfe, and KA a K^ = A&. 

Proof. If B € F( 6 ), then KS a K^BQ = KS a KMFKPL = B*Q = S b BQ. The 

6F(o) 

statement now follows by uniqueness of the polar decomposition. □ 

s For details on this and the following statements, see Ref. rreiorm 
9 S a , Ja, and A a 2 are the objects of the well-known modular theory developed by 
Tomita and Takesaki. 

10 If one assumes covariance with respect to some strongly continuous representation 
of Gl (which may also violate the spin-statistics connection), this is straightforward to 
derive. But covariance, as such, is not needed. 
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This lemma yields a couple of important relations. For each a E Z, one 
has kF(a)k^ = kF(a)k = F(a), so 

kJ a k = J a , whence J a K = n) J a ( 8 ) 

follows by antilinearity of J a . By modular PiCT-symmetry, J a F(o)J a = 
F f (— a) = kF (—a)/cl, so 

J a — JaJaJa — kJ— ■ (9) 

It also follows from modular PiCT-symmetry that J a F( 6 )J a = F t (j a b) = 
F (~j a b), so 

JaJbJa = J—j a b = Jjajbb = J\(a,b)b- (19) 

These consequences of Lemma ESI will be used extensively in what follows 
without further mentioning. 

For every (a, b) E define W(a,b) := J a Jb- 

Theorem 26. 

(i) There exists a representation W : Gl —► W(Mi) in TL with the prop¬ 
erty that the diagrams 


(ii) 


M l xM l - 

7TX7T 

G l xG l - 

WxW 

W(G l ) x W(G l ) 

A \Y X Xyy 

L\ x L\ - 


-M L 
7 r 

-G, 

w 

W(G L ) 

\w 

-Li 


and M l —^G l 

w 

W( M l ) 



( 11 ) 


commute. 

There is a representation D of Gl in £ such that 

W(g)F(c® ip)W(g)* = F(D(g)c® X(g)<p) for all g,c,ip, (12) 


where \{g)ip := <p(\(g) 1 -)- 
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Proof of (i). Fix some eo G M+. 

For each r G with A(r) G R, there exists a unique rotation r with 
t 2 = A(r) and r = n (re,e) for all time-zero unit vectors in i ? P(A(r)) J “. For 
each n := (e', /') ~ m, there exists a rotation p with pX{m)p~ l = A(m) 
and p 2 m = n. Because a e-> J a and, hence, also the map IT is continuous 
by assumption of modular PiCT-symmetry, one can mimick the proof of 
Lemma 2.4 in Ref. El in order to show that W(m) = W(n ), and one can 
define a unitary operator W eo [r) by W eo (r) := W(m). It has been shown in 
Ref. El that these operators give rise to a representation of the subgroup 
G r := X-^R) of G l . 

For each b G Gl with A (b) G B, the class vr _1 (6) contains elements of 
the form either (e, fde) or (e, —/3e), where /3 := /3(&) -1 / 2 . The one-parameter 
group of rotations around the boost direction of (3 acts transitively on the set 
of such elements. If n is a second such argument equivalent to m, one can, 
again, use the reasoning of Ref. El in order to show that W(m) = W(n), and 
one can define W eo (b) := W(m). Furthermore, if (bt)t. is a one-parameter 
subgroup of G l with A (bt) G B , it follows from the results of Ref. El that 
W(b s )W(b t ) = W(b s+t ). 

The polar decomposition in L\ can be lifted to a polar decomposition 
in G l- Namely, given an arbitrary g G Gl, there exist r g ,b g G Gl with 
A( r g ) = ^(A^)) and A (b g ) = /3(\(g)) and r g b g = g. This decomposition is 
unique up to replacement of r g and b g by — r g and —b g , respectively. 

Therefore, the operator W(g) := W(r g )W(b g ) does not depend on the 
choice of this polar decomposition. 

For arbitrary g = r g b g G G L , define W eQ (g) := W eo (r g )W eo (b g ). Note 
that the definition of W eo (g) depends on eo as it stands; but the index will 
be dropped for the time being. 

Lemma 27. Consider g,h G with A (g), Xi^hgh^ 1 ) G B and A (h) G RUB. 
Then 

W(h)W(g)W(h)* = W ( hgh~ l ) . 

Proof. It follows from eq. m and Lemma El that for each (a, b) G 7r 1 (g), 
one has 

W(h)W(ir(a,b))W(hY = W(h)J a J b W(h)* = J~ x{h)a J~ mb 

= W(X(h)a, X(h)b) = W (n (x(h)a,\(h)b^ (13) 

= W(hn(a, 6)/i -1 ). 

□ 
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Lemma 28. If X(g) G 6 (a) for some a € Z, then W(m) = W{g) for all 
m G 7r _1 (g). 

Proof. Without loss, suppose that a = e for some time-zero unit vector e. 
If g = r g h g and h = with X(g),X(h) G 6 (e) for some time-zero unit 
vector e, then Lemma 1271 implies 

W(h)W(g)W(h)* = W{r h )W(b h ) • W(r 9 )IT(& 9 ) • W(b h )*W(r h )* 

= W(g ) 

Let m G Mi satisfy W (m) = W(s) . If n ~ m and n m, then there 
exists, by definition of ~, a g G Li with ^u 2 7 ^ 1, commuting with X(g) and 
satisfying g 2 m = =t n. Since 6 (e) is a maximal abelian group and since 
A (g) G 6 (e) by assumption, one concludes g G 6 (e), and for each h with 
A (h) = g, one obtains from eq. (11411 

W{n) = W{±g 2 m) = W{g 2 m ) = W(h)W( 5 )W(/i)* = W( 5 ) = W(m). 


□ 

Proof of (i) (contd,.). Next let g G G 1 be arbitrary with polar decomposition 
r gbg-~ 

W(g) is an element of W(M^). Namely, recall that there exist a time- 
zero unit vector e and a rotation r such that g = n (re,/3 -1 / 2 e), where 
(3 = X(b g ) G B. One concludes 

W(g) = W(r)W(b) = J T - e JeJeJ, 3 -l/ 2 - e 
= J T eJ/3- 1/2g £ VL(M^) 


W is a representation. Namely, 

= ^(r 9 )bL(i 9 )I^(r fe )VL(6 ft ) 

= W(r g )W(r h ) (w(r h )*W(b g )W(r h )') W(b h ) 

=: W(r 9 r h ) W(6/)W(^) 

The last two terms implement the generalized boost 

X(bf)X(b h ) = X(b f ) 1/2 (x{b f ) 1 / 2 X{b g )X{b f ) l/2 ) X(b f )- 1/2 , 
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so Lemma EEl yields 

W(bfb h ) = J±\( bf )i/2 S J~ X ( bh )-i/2 S 

= J ±\(bf) 1/2 e J S J \(b h )~ 1 / 2 e = J e J ±\(b f )- 1 / 2 e JsJ \(b h )- 1 / 2 e 

= W(bf)W(b h ). 

Now write bfbh =: d = r d b d , then 

W(g)W(h) = W{r g r h r d )W(b d ) 

= W (r g r h r d b d ) 

= W(gh). 

Proof of (ii). Define a map D from into the automorphism group Aut(C) 
of <£ by D(a,b ) := C a C b . If (a, b) ~ (c,d), then modular Pi CT-symmetry 
implies 

F(C a C h c ® jajbP) = W(a, b)F (c (8) <p)W(a, b )* 

= W(c, d)F(c®(p)W(c, d)* 

= F(C c C d c <g) jcjd'P) 

= F(C c C d c <g> jajbP) 

for all c and all ip. Using assumption (A.l), one obtains C a C b c = C c C d c 
for all c, so D(a,b) = D(c,d), and a map D : —> Aut(£) is dehned by 

D(7r(rn)) := D(m). This map D now inherits the representation property 
from W. □ 

Theorem 29 (Spin-statistics connection). 

F±(c <g> ip) = ^(1 ± F(D(- l)c <g> <p) 

for all c and all <p. 

Proof. For each a E Z one has 

W{-1 ) = J aJ~a = JaKJaJ = f = k, 

SO 

kF(c ® <p)k = W(-l)F(c ® <p)W{-l) 

= IU(-l)F(c<g>^)IU(-l) t = F(D(-l)c ®tp). □ 

If, in particular, D is irreducible with spin s, then D(—l) = e 2ms , so 
F_ = 0 for integer s and F + = 0 for half-integer s. 
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4 Other modular symmetries 

Evidently, the operator 0 := J Sl Jg 2 Jg 3 implements a full PCT-symmetry. 
© depends on the handedness of the triple (ei,e 2 ,e 3 ) only [T3j . 

As mentioned earlier, Guido and Longo obtained a spin-statistics theo¬ 
rem in the above spirit in Ref. 1101 Instead of the PiCT-reflections, they 
assumed the modular groups associated with the algebras F(a) and the 
vacuum vector, which satisfy the KMS-condition, to implement Lorentz 
boosts — which is the abstract verson of the Unruh effect. This suffices 
to construct a representation of L\ not from PiCT-reflections, but from 
the one-parameter groups implementing the boosts (for which the commu¬ 
tation relations requested for covariance are not assumed from the outset 
El EDI)- This representation can, then easily be shown to satisfy Pauli’s 
spin-statistics relation. 

Since both the above and their representation have been constructed 
from the basic elements of Tomita-Takesaki theory, one should expect them 
to coincide. Indeed, this is he case. 

Denote by A a the unique one-parameter group of Lorentz boosts that 
map the wedge W a onto itself for each a £ Z. F exhibits the Unruh effect 
if and only if for each a £ Z there exists a one-parameter group V' of 
internal symmetries of F with AfF{x)A~ lt = V , (A a (t))F(A a (—t)x). In 
this case the modular unitaries A®*, a £ Z, t £ M, generate a covariant 
unitary representation U' of L\ 0. This representation exhibits Pauli’s 
spin-statistics connection uni¬ 
on the other hand, the Unruh effect implies modular PiCT-symmetry 
m, and, hence, yields the representation W constructed above as well. 

Lemma 30. U' = W. 

Proof. It suffices to show that for each Af. a £ Z, t £ R, there exist b,c £ Z 
such that Af = 

If for some a, b G Z there exist zweibeine £ £ 7f _1 (o) and rj £ 7r _1 (6) with 
= t r , and x^ T x^, then it follows from Lemma I2 r il that J a Afj a = A~ lt 
and A a lt ^ 2 J a A^“ = J\ a (t/ 2 ) f° r a ll t £ M, so 

J a Ai* = A- rf / 2 J a A®*/ 2 = J Aa( _ t/2)a , i.e., A * = J a J Aa{ -t/ 2 )a - □ 

Conclusion 

Both the classical geometry and the fundamental quantum field theoretic 
representations of the restricted Lorentz group L\ are based on reflection 
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symmetries. At the classical level, a simply connected covering group 
of L\ can be constructed from PiT-reflections. 

For a typical quantum field F, a class of antiunitary PiCT-operators 
exists that are fixed by the intrinsic structure of the respective held. These 
are the fundamental symmetries of quantum held theories, and they give 
rise to a unitary representation of the Lorentz group. In order to show 
this, the existence of such a representation does not need to be assumed 
from the outset. On the other hand, the construction yields a distinguished 
representation of the Lorentz group even in cases where several covariant 
representations are present. 

It may happen in such cases that representations satisfying Pauli’s re¬ 
lation coexist with representations violating it. In any case, the represen¬ 
tation constructed from the modular PiCT-conjugations exhibits the right 
spin-statistics connection, and this is, eventually, straightforward to see. 
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